Abstract. We prove that sufficiently collapsed, closed and irreducible three-dimensional Alexandrov spaces are modeled on one of the threedimensional Thurston geometries, excluding the hyperbolic one. This extends a result of Shioya and Yamaguchi, originally formulated for Riemannian manifolds, to the Alexandrov setting.
Introduction
In Riemannian geometry, collapse imposes strong geometric and topological restrictions on the spaces on which it occurs. Recall that that there are eight three-dimensional Thurston geometries: S 3 , R 3 , H 3 , S 2 × R, H 2 × R, SL 2 (R), Nil and Sol (see [25] ). A closed (i.e. compact and without boundary) 3-manifold is geometric if it admits a geometric structure modeled on one of these geometries. In this context, Shioya and Yamaguchi [26] obtained the following result for sufficiently collapsed Riemannian 3-manifolds.
Theorem (Shioya and Yamaguchi [26, Corollary 0.9] ). Let D > 0 and let M(3, D) be the class of closed Riemannian 3-manifolds with diameter at most D. For any D > 0, there exists a constant ε = ε(D) > 0 such that if a closed, prime 3-manifold with infinite fundamental group admits a Riemannian metric contained in M(3, D) with volume < ε, then it admits a geometric structure modeled on one of the six geometries R 3 , S 2 ×R, H 2 ×R, SL 2 (R), Nil and Sol.
Hyperbolic geometry is ruled out by the fact that a manifold with such a geometry has non-vanishing simplicial volume (see [27, Theorem 6.2] ), and the fact that manifolds with positive simplicial volume do not collapse (see [11, pp. 67-68] ). We point out that, although the geometry S 3 appears in the original statement of the result in [26] , the assumption that the fundamental group of the manifold is infinite precludes it from admitting spherical geometry. Note, in any case, that by Perelman's proof of Thurston's Elliptization Conjecture, any closed 3-dimensional manifold with finite fundamental group has spherical geometry.
Closed Riemannian manifolds are special cases of Alexandrov spaces (with curvature bounded below). In this article, we extend the preceding theorem to the Alexandrov setting. In dimension three, the structure of Alexandrov spaces is fairly well understood (see [8, 17] ). Topologically, these spaces are either 3-manifolds or quotients of 3-manifolds by orientation reversing involutions with only isolated fixed points (see [8] ).
Before stating our main theorem, we need some definitions. Recall that a non-trivial closed 3-manifold M is prime if it cannot be presented as a connected sum of two non-trivial closed 3-manifolds. A closed 3-manifold is irreducible if every embedded 2-sphere bounds a 3-ball. It is known that, with the exception of manifolds homeomorphic to S 3 or S 1 × S 2 , a closed 3-manifold is prime if and only if it is irreducible (see [16, Lemma 1] ). Since S 1 × S 2 is geometric, and S 3 has finite fundamental group, one can think of the theorem above as a statement about irreducible 3-manifolds. Therefore, in generalizing this theorem to Alexandrov spaces we will focus our attention on the irreducible case. In view of this, we need to define irreducibility for this more general class of spaces.
Definition. Let X be a closed Alexandrov 3-space. We say that X is irreducible if every embedded 2-sphere in X bounds a 3-ball and, in the case that the set of topologically singular points of X is non-empty, it is further required that every 2-sided RP 2 bound a K(RP 2 ), a cone over RP 2 .
With this definition in hand, we state our main result.
Theorem A. For any D > 0 there exists ε = ε(D) > 0 such that, if X is a closed, irreducible Alexandrov 3-space of curv ≥ −1 satisfying that diam X ≤ D and vol X < ε, then X admits a geometric structure modeled on one of the seven geometries R 3 , S 3 , S 2 × R, H 2 × R, SL 2 (R), Nil and Sol.
In Theorem A, by the volume of an Alexandrov 3-space, we mean its 3-dimensional Hausdorff measure, normalized so that volume of 3-dimensional Riemannian manifolds agrees with the usual Riemannian volume.
Remark B. As in the Riemannian case, one can rule out the appearance of hyperbolic geometry by combining the fact that the simplicial volume of a collapsing Alexandrov space is zero (see [18, Corollary 1.7] ) with the fact that the simplicial volume of a hyperbolic manifold must be bounded below by the Riemannian volume (see [27, Theorem 6.2] ). For more details, see the end of Section 4.
We prove Theorem A by carefully studying the metric and topological structure of collapsed irreducible Alexandrov 3-spaces and their orientable double branched covers (in the case where the space is not a manifold). The extensive work of Mitsuishi and Yamaguchi on collapsed Alexandrov 3-spaces [17] , combined with the irreducibility hypothesis, allows us to obtain fairly explicit topological descriptions of closed, collapsed, irreducible Alexandrov 3-spaces, and to exhibit them as geometric 3-manifolds or their quotients by orientation-reversing involutions with only isolated fixed points. Classification results of Alexandrov spaces with (local) circle actions (see [9, 20] ) and classical results on involutions on 3-manifolds (see [14, 15] ) also play an important role in the proof.
Our article is divided as follows. In Section 2 we collect results on general Alexandrov 3-spaces, as well as on those spaces that admit collapse or (local) isometric circle actions. In Section 3 we show that a non-manifold Alexandrov 3-space collapses if and only if its canonical orientable double branched Alexandrov cover also collapses. We prove Theorem A in Sections 4-7.
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Preliminaries
Three-dimensional Alexandrov spaces. In this section we give a brief account of the basic structural properties of closed Alexandrov spaces of dimension 3. We refer the reader to [8] for a more detailed account.
Let X be a closed Alexandrov 3-space. The space of directions Σ x X at each point x in X is a closed Alexandrov 2-space with curvature bounded below by 1. Therefore, by the Bonnet-Myers Theorem [2, Theorem 10.4.1], the fundamental group of Σ x X is finite. This in turn implies that Σ x X is homeomorphic to a 2-sphere S 2 or a real projective plane RP 2 . A point in X whose space of directions is homeomorphic to S 2 is called a topologically regular point. Otherwise, the point is called topologically singular. The set of topologically regular points is open and dense in X. By Perelman's Conical Neighborhood Theorem [23] , every point x in X has a neighborhood pointed-homeomorphic to the cone over the Σ x X. This result implies that the set of topologically singular points of X is finite and X is homeomorphic to a compact 3-manifold with a finite number of RP 2 -boundary components to which one glues in cones over RP 2 . It is an easy consequence of this description that X must have an even number of topologically singular points.
A closed Alexandrov 3-space X whose set of topologically singular points is non-empty can also be described as a quotient of a closed, orientable, topological 3-manifoldX by an orientation-reversing involution ι :X →X with only fixed points. The 3-manifoldX is the so-called orientable double branched cover of X (see, for example, [8, Lemma 1.7] ). In addition to this topological description, it is possible to lift the metric on X toX, so that X becomes an Alexandrov space with the same lower curvature bound as X and ι is an isometry with respect to the lifted metric. In particular, ι is equivalent to a smooth involution onX regarded as a smooth 3-manifold. We refer the reader to [8, Lemma 1.8] and [12, Section 5] for more details.
The geometric structure of Alexandrov 3-spaces was further studied in [8] . We recall that X is geometric (or admits a Thurston geometry) if it is a quotient of one of the eight 3-dimensional Thurston geometries by some cocompact lattice (see [25] ). We say that X admits a geometric decomposition if X can be cut along a family of spheres, projective planes, tori, and Klein bottles in such a way that the resulting pieces are geometric. The geometrization of closed Alexandrov 3-spaces was obtained in [8] , i.e., it was proved that every closed Alexandrov 3-space admits a geometric decomposition into geometric Alexandrov 3-spaces.
Collapsing Alexandrov 3-spaces. Let {X i } ∞ i=1 be a sequence of n-dimensional Alexandrov spaces with diameters uniformly bounded above by D > 0 and curv ≥ k for some k ∈ R. After passing to a subsequence, Gromov's Precompactness Theorem implies that there exists an Alexandrov space Y with diam Y ≤ D and curv Y ≥ k such that X i GH −→ Y . As in the Riemannian case, the sequence X i is said to collapse to Y if dim Y < n. We will also say that an n-dimensional Alexandrov space X collapses (or that it is a collapsing Alexandrov space) if there exists a sequence of Alexandrov
is a collapsing sequence. In [17] , A. Mitsuishi and T. Yamaguchi obtained a topological classification of closed collapsing 3-dimensional Alexandrov spaces, describing them as a union of certain pieces. We now give a brief account of those pieces with topological or metric singularities.
The space B(pt). Let D 2 × S 1 ⊂ R 2 × C be equipped with the usual flat product metric. An isometric involution α on D 2 × S 1 is defined by α(x, e iθ ) := (−x, e −iθ ). Spaces with 2-dimensional souls. We now describe three different closed Alexandrov 3-spaces as quotients of certain involutions (cf. [19] )
, where S 2 is a sphere of non-negative curvature in the Alexandrov sense with an isometric involution σ : S 2 → S 2 topologically conjugate to the involution on the 2-sphere given by the suspension of the antipodal map on the circle. The resulting space is a topological manifold, in spite of having two points whose space of directions is not isometric to a round sphere.
(
where T 2 is a flat torus and σ : T 2 → T 2 is an isometric involution on T 2 topologically conjugate to the unique involution on T 2 whose quotient is S 2 . This space has four topologically singular points, corresponding to the four fixed points of the involution; this can be easily seen by observing that at each such point, the differential of the involution acts as the antipodal map on the unit tangent sphere. Its oriented branched cover is clearly
, where K 2 is a flat Klein bottle and σ : K 2 → K 2 is an isometric involution topologically conjugate to the unique involution on K 2 whose quotient is RP 2 .
Generalized Seifert fiber spaces. A generalized Seifert fibration of a topological 3-orbifold M over a topological 2-orbifold B (both possibly with boundaries) is a map f : M → X whose fibers are homeomorphic to circles or bounded closed intervals. It is required that for every x ∈ B, there is a neighborhood U x homeomorphic to a 2-disk such that
is homeomorphic to a circle, then there exists a fiberpreserving homeomorphism of f −1 (U x ) to a Seifert fibered solid torus in the usual sense, and (ii) if f −1 (x) is homeomorphic to an interval, then there is a fiberpreserving homeomorphism of f −1 (U x ) to the space B(pt), with respect to the fibration (B(pt),
Furthermore, for any compact component C of ∂B there is a collar neighborhood N of C in B such that f | f −1 (N ) is a usual circle bundle over N .
We say that M is a generalized Seifert fibered space and we use the notation M = Seif(B). I-bundles over the Klein bottle. These are obtained as disk bundles of certain line bundles over the Klein bottle K 2 . They are easily described as quotients of R 3 under certain isometric actions [30] . Except for the trivial bundle K 2 × I, the rest are as follows:
this is the disc bundle in the orientable three manifold obtained as quotient of R 3 under the group generated by
Its boundary is given by a 2-torus. (ii) K 2× I: this is the disc bundle in the non-orientable three manifold obtained as quotient of R 3 under the group generated by
Its boundary is given by a Klein bottle.
Observe that the correspondence sendingτ →τ 2 ,σ →σ induces an injective homomorphism from the fundamental group of K 2 ×I into that of K 2× I, thus showing that K 2 ×I is a twofold cover of K 2× I. Furthermore, since the fundamental group of K 2 is the dihedral group, and this group contains a unique subgroup of index 2, it follows that K 2 ×I is the unique twofold cover of K 2× I.
We summarize the results of [17] in Tables 1, 2 and 3, which contain the classifications of collapsing Alexandrov 3-spaces with a 2-, 1-and 0-dimensional limit space, respectively.
Local circle actions. In this section we summarize the classification of closed Alexandrov spaces of dimension 3 admitting a local isometric circle action obtained in [9] . This classification will be useful in subsequent sections. That of a space in Table 1 with curv Y ≥ 0
That of a space in Table 2  0 That of a closed non-negatively curved Alexandrov space with finite fundamental group Let X be a closed Alexandrov 3-space. A local circle action on X is a decomposition of X into (possibly degenerate) disjoint, simple, closed curves called fibers, each having a tubular neighborhood which admits an effective circle action whose orbits are the curves of the decomposition. The local circle action is isometric if the circle actions on each tubular neighborhood of the fibers are isometric with respect to the restricted metric.
The different fiber types of a local circle action on X depend on the corresponding isotropy group, where one considers these fibers as orbits of the isometric circle action on a small tubular neighborhood around them. The possible fiber types are the following. F -fibers are topologically regular fixed-point fibers, while SF -fibers are topologically singular fixed-point fibers. The fibers of type E are those that correspond to Z k isotropy, acting in such a way that local orientation is preserved. The fibers of type SE correspond to Z 2 isotropy, reversing the local orientation. Fibers that are not F -, SF -, E-or SE-fibers are called R-fibers. The strata of F -, SF -, E-, SE-and R-fibers are denoted, respectively, by F , SF , E, SE and R. The fiber space, denoted by X * , is a 2-dimensional Alexandrov space, and therefore a topological 2-manifold. Its boundary is composed of the images of F -, SF -and SE-fibers under the fiber projection map, while the interior of X * consists of R-fibers and a finite number of E-fibers.
A closed Alexandrov 3-space with an isometric local circle action can be decomposed into building blocks of types F , SF , E and SE, which arise when considering small tubular neighborhoods of connected components of fibers of the corresponding type. A building block is called simple if its boundary is homeomorphic to a torus, and twisted if its boundary is homeomorphic to a Klein bottle (see [9, Section 3] ). The stratum of R-fibers is an S 1 -fiber bundle with structure group O(2).
The set of isometric local circle actions is in one-to-one correspondence with the following set of equivariant invariants of the fiber space X * :
The definition of these invariants is as follows. We let (ε, k) be the pair that classifies the S 1 -bundle of R-fibers according to [9, Theorem 3.2] . We denote the genus of X * by g ≥ 0. The symbols f, t, k 1 , k 2 are non-negative integers such that k 1 ≤ f and k 2 ≤ t, where k 1 is the number of twisted F -blocks and k 2 is the number of twisted SE-blocks. Consequently f − k 1 is the number of simple F -blocks and t−k 2 is the number of simple SE-blocks. The number of E-fibers will be denoted by n and we let {(α i , β i )} n i=1 be the corresponding Seifert invariants (see [21, Section 1.7] ). We also let b be an integer or an integer mod 2 with the following conditions: b = 0 if f + t > 0 or if ε ∈ {o 2 , n 1 , n 3 , n 4 } and some α i = 2 (see [9, Theorem 3.2] for the precise definitions of the o i , n j and α l ); b ∈ {0, 1} if f +t = 0 and ε ∈ {o 2 , n 1 , n 3 , n 4 } and all α i = 2. In the remaining cases b is an arbitrary integer. We let s, k 3 be non-negative integers, where k 3 ≤ s is the number of twisted SF -blocks. Hence s−k 3 is the number of simple SF -blocks, and we let (r 1 , r 2 , . . . , r s−k 3 ) and (q 1 , q 2 , . . . , q k 3 ) be (s − k 3 )-and k 3 -tuples of non-negative even integers corresponding to the number of topologically singular points in each simple and twisted SF -block, respectively. The numbers k, k 1 , k 2 , and k 3 satisfy
A closed Alexandrov space admitting an isometric local circle action given by the previous set of invariants can be decomposed as an equivariant connected sum.
Theorem 2.1 (Theorem B [9] ). Let X be a closed, connected Alexandrov 3-space with 2r ≥ 0 topologically singular points. Assume that X admits the isometric local circle action given by the set of invariants
where M is the closed 3-manifold determined by the set of invariants
Double branched covers of collapsing Alexandrov spaces
Let X be a finite-dimensional, compact, non-orientable Alexandrov 3-space, µ its 3-dimensional Hausdorff measure and S X its set of topologically singular points. We letX be the orientable double branched cover of X equipped withμ, its 3-dimensional Hausdorff measure. Let π :X → X be the canonical projection and π * μ , the push-forward measure of µ with respect to π. Proposition 3.1. Let X be a non-orientable Alexandrov 3-space. Then π * μ = 2µ.
Proof. Let X ′ = X \S X and observe that, since S X is a discrete subset of X, its µ-measure is zero. Therefore, it suffices to show that π * μ (B) = 2µ(B) for sufficiently small balls centered at points in X ′ . Observe that we may assume, without loss of generality, that each one of these balls is evenly covered. We have that π −1 (B) ⊂X ′ is the disjoint union of two balls B 1 , B 2 inX ′ such that π| B i : B i → B is an isometry. Therefore,μ(B i ) = µ(B). The proposition now follows from the definition of the push-forward measure.
Corollary 3.2. Let {X i } be a sequence of compact non-manifold Alexandrov 3-spaces. Then the following hold:
(i) The sequence {X i } converges (in the Gromov-Hausdorff metric) to an Alexandrov space X ∞ if and only if the sequence of orientable branched double covers {X i }, equipped with their canonical involutions σ i , converges in the equivariant Gromov-Hausdorff topology to an Alexandrov spaceX ∞ equipped with a limit involution σ ∞ so that
The sequence {X i } collapses if and only if the sequence of orientable branched double covers {X i } collapses.
Proof. We first prove part (i). Let {(X i , d i )} be a convergent sequence of compact non-manifold Alexandrov 3-spaces. For simplicity, we let X i = (X i , d i ) and we let X ∞ be the limit of the sequence. We have an induced sequence of metricsd i onX i . Let α i :X i →X i be the isometric involution so thatX i /α i is isometric to X i . Observe that the lift of any ε-net in X i is an ε-net inX i that is invariant under the involution σ i . This implies that the sequence {X i } has a limit, which we denote byX ∞ . We define α ∞ :X ∞ →X ∞ as the limit of the α i . Now, by [6, Theorem 2-1], for every i, we have
, where d eGH stands for the equivariant Gromov-Hausdorff distance. By [7, ,X i GH −→X ∞ implies that there is a subsequence {X i k } converging in the equivariant Gromov-Hausdorff topology. Furthermore, by the proof of the same proposition, the group acting on the limit is the inverse limit of the groups acting on the members of the subsequence, which in this case are all Z 2 . Therefore,
Observe that the action of α ∞ onX ∞ might be trivial. This shows that, if {X i } GHconverges to X ∞ , then {X} i converges in the equivariant Gromov-Hausdorff distance toX ∞ with an involution σ ∞ so thatX ∞ /σ ∞ is isometric to X ∞ .
On the other hand, equation (3.1) implies that if {X i }, equipped with their canonical involutions σ i converges in the equivariant Gromov-Hausdorff distance toX ∞ with a limit involution σ ∞ , then {X i } converges to X ∞ in the Gromov-Hausdorff distance. This shows part (i) of the corollary. Part (ii) follows from part (i) and Proposition 3.1. 
Outline of the proof of Theorem A
We proceed by contradiction. Suppose the result does not hold. Then we have a sequence of closed, irreducible Alexandrov 3-spaces {X i } ∞ i=1 with curv X i ≥ −1 and diam X i ≤ D such that vol X i → 0 and X i is not geometric. Therefore, passing to a subsequence if necessary, we can assume that {X i } collapses to a compact Alexandrov space Y . We will separate our analysis in three cases according to the dimension of Y . In Sections 5, 6 and 7 we will address the cases in which Y has dimension 2, 1 and 0 respectively. In every case, we conclude that X i is geometric for a sufficiently big i, obtaining a contradiction.
The following Lemma will be useful in our analysis. We refer the reader to [28] for the definitions and basic properties of orbifold-covering spaces.
Lemma 4.1. Let X be an Alexandrov 3-space which is not a manifold. Then X is geometric if and only if its orientable branched double coverX is geometric.
Proof. We assume first that X is geometric. Then, there exists a Thurston geometry M 3 such that X is isometric to M 3 /G, where G is a co-compact lattice. In particular, M 3 is an orbifold-covering space of X and X is a good orbifold. Therefore, X admits a Riemannian orbifold metric and we will henceforth assume that it has such a metric. Moreover, M 3 is the universal orbifold-covering space of X.
Now we note that the canonical projection π :X → X is an orbifoldcovering map. Then, by the universality of M 3 , there exists an orbifoldcovering map M 3 →X. Therefore, there exists a subgroupG of the group of deck transformations such thatX is isometric to M 3 /G. Furthermore, the metric on M 3 is the lift of the metric on X and it coincides with the lift of the metric onX. Therefore,X is geometric.
Assume now thatX is geometric, i.e. it is isometric to M 3 /G, where M 3 is a Thurston geometry andG a co-compact lattice. Then, as in the previous case, M 3 is the universal orbifold-covering space ofX. Moreover, the canonical projectionX → X is an orbifold-covering map. Therefore, M 3 covers X with deck transformation group G and it follows that we can put on X the quotient metric on M 3 /G. Thus we conclude that X is geometric.
Proof of Remark B. To conclude this section, we explain why a closed collapsing Alexandrov 3-space cannot admit hyperbolic geometry. Let X be a closed, collapsing Alexandrov 3-space and suppose that X admits hyperbolic geometry. We have two cases to consider: either X is a 3-manifold or X has topological singularities.
Suppose first that X is a 3-manifold. Then, by [18, Corollary 1.7] (after passing via the orientable double cover of X if necessary), the simplicial volume X of X is zero. On the other hand, since X admits a hyperbolic Riemannian metric, by [27, Theorem 6.2] (after passing via the orientable double cover of X if necessary), the simplicial volume of X is non-zero, which is a contradiction.
Suppose now that X is not a 3-manifold. Then its orientable double branched coverX is an orientable topological 3-manifold. By Corollary 3.2, X admits a sequence of collapsing Alexandrov metrics. Hence, by [18, Corollary 1.7] , the simplicial volume ofX is zero. Now, since X admits hyperbolic geometry,X is also hyperbolic, so its simplicial volume cannot be zero, which is a contradiction.
Two-dimensional limit space
In this section we deal with the case that {X i } ∞ i=1 collapses to Y with dim Y = 2. In this case the homeomorphism type of X i , for sufficiently big i, is described in Table 1 . We begin by stating a technical lemma which we will need throughout this section. Let us denote the connected sum of m ≥ 0 copies of a space X by # m X.
Lemma
(i) M is prime and X is homeomorphic to M , (ii) X is homeomorphic to Susp(RP 2 ).
Proof. If X is a topological manifold then r = 0 and the result is the classical fact that an irreducible 3-manifold is prime. Therefore we assume that the set of topologically singular points of X is non-empty. Let us denote Y = # r Susp(RP 2 ). Now, let S ⊂ M #Y be the 2-sphere which resulted from the connected sum operation. By hypothesis S must bound a 3-ball. Since Y contains topologically singular points, this implies that M is homeomorphic to S 3 . Hence, X is homeomorphic to Y . Now, let us denote Y r−1 = # r−1 Susp(RP 2 ) so that X ∼ = Susp(RP 2 )#Y r−1 . Let S ⊂ Susp(RP 2 )#Y r−1 be the 2-sphere arising from the connected sum operation. Then,S must bound a 3-ball. As in the previous case, the presence of topologically singular points implies that this is only possible if r − 1 = 0, i.e., if X ∼ = Susp(RP 2 ).
We divide the following analysis in two cases depending whether X i has fibers of type B(pt) or not.
X i does not contain fibers of type B(pt). Under the assumption of no fibers of type B(pt), X i is homeomorphic to a usual Seifert fibered space (possibly with attached generalized solid tori and generalized Klein bottles). Then by [9, Corollary 6.2] X i is homeomorphic to an Alexandrov space admitting an isometric and effective, local circle action. Therefore, by [9, Theorem B] (cf. Section 2), the aforementioned isometric local circle action is given by the set of invariants
In the following we exhaust every possible value of the invariants to conclude that, in each case, X i is geometric. For simplicity we will use the notation
Case 5.1 (k = 0, f > 0). The topological decomposition of Theorem 2.1 applied to this case yields that, depending on the values of the invariants, X i is homeomorphic to either
where the value of ϕ depends on f , g, ε and t. The exact value of ϕ does not play a role in our arguments (see [9] , Raymond, Fintushel for the precise definition). Therefore, since X i is irreducible, Lemma 5.1 implies that only one connected summand of the previous equivariant connected sum decompositions can appear. We observe that the possible connected summands are all geometric. More explicitly, S 3 , lens spaces and Susp(RP 2 ) admit S 3 -geometry while S 2 × S 1 , S 2× S 1 , RP 2 × S 1 admit the (S 2 × R)-geometry.
Case 5.2 (k = 0, f = 0, t = 0). In this case, the condition f = 0 implies that the Alexandrov spaces X i considered are homeomorphic to topological manifolds since any action by isometries on a non-manifold Alexandrov space has fixed points (the SF -points). Moreover, the conditions f = t = 0 imply that X i is a Seifert manifold (see for example [22 Case 5.3 (k = 0, f = 0, t > 0). As in the previous case, the X i are homeomorphic to topological manifolds since f = 0. By the definition of the local circle action invariants, in this case we have that b = 0. More explicitly, X i is determined by the set of invariants
}. Furthermore, since t > 0, the X i are non-orientable. Therefore, by the proof of [22, Theorem 3] , the orientable double coverX i of X i is determined by the set of invariants {−n; (ε,g, 0, 0);
Here,ε = o 1 if ε ∈ {o 1 , o 2 , n 1 } andε = n 2 if ε ∈ {n 2 , n 3 , n 4 }. The value of g is 2g + t − 1 if ε ∈ {o 1 , o 2 , n 2 }, it is g + t − 1 if ε = n 1 and it is g + t − 2 if ε ∈ {n 3 , n 4 }.
We observe then thatX i falls under the considerations of the previous case and therefore is a Seifert manifold. Therefore X i is doubly covered by a geometric manifold and hence it itself is geometric, the possible geometries being the same as in the last case.
Case 5.4 (k = 0, f > 0). In this case the classes o 1 , o 2 merge into a single class o while n 1 , n 2 , n 3 and n 4 merge into one class n. The decomposition of Theorem 2.1 in this case is the following. If t > 0, then X i is homeomorphic to
Here, the value of ϕ is determined by f , g and ε, but the precise value is not necessary for our analysis. As in the case k = 0, f > 0, since X i is irreducible, Lemma 5.1 implies that only one connected summand can appear, and in turn this yields that X i is geometric.
Case 5.5 (k = 0, f = 0). As in the previous cases in which f = 0, the X i are homeomorphic to topological manifolds. If t = 0, then X i is a Seifert manifold, whereas if t > 0 its orientable double cover is a Seifert manifold. In both cases the space is geometric.
X i contains fibers of type B(pt). In this case, for each X i we consider its branched orientable double coverX i . We observe thatX i does not contain fibers of type B(pt) since its subset of topologically singular points is empty. Therefore, by [9, Corollary 6.2]X i is homeomorphic to a closed Alexandrov 3-manifold admitting an isometric local circle action determined by a set of invariants {b;ε,g,
}. However, sinceX i is orientable, we have thatt = 0. The cases havingf = 0 are settled as in the case in which X i does not contain fibers of type B(pt). Hence, in the following we assume thatf > 0. Under this assumption, Theorem 2.1 yields thatX i is homeomorphic to
We point out that S 2× S 1 does not appear in the decomposition as a consequence of the orientability ofX i . Let us denote by ι i :X i →X i the involution such thatX i /ι i is homeomorphic to X i . Then, ι i induces an involution on the connected sum 5.1 and we can equip the space with a Riemannian metric which is invariant with respect to ι i .
We now observe that, by [4] , there is an equivariant (with respect to ι i ) Ricci flow with surgery onX i . Furthermore, by [24, Theorem 1.1] the Ricci flow goes extinct in finite time. Now, [3, Corollary 4.5] implies that the action of ι i is an equivariant connected sum of standard actions on components diffeomorphic to spherical space forms, S 2 ×S 1 or RP 3 #RP 3 . In particular, the connected summands L(α 1 , β 1 )# · · · #L(α n , β n ) and # ϕ S 2 × S 1 in (5.1) are invariant under the action of ι i .
We now observe the following. If the connected sum decomposition (5.1) ofX i contains both lens space L(α j , β j ) and (S 2 × S 1 )-summands, then the 2-sphere S dividingX i into the summands # n j=1 L(α j , β j ) and # ϕ S 2 × S 1 can be taken to be invariant under the the action of ι i . By the classification of the involutions of the 2-sphere, S/ι i ⊂ X i is either homeomorphic to RP 2 or to a 2-sphere. If S/ι i ∼ = RP 2 , then we observe that S/ι i does not bound a cone over RP 2 . Similarly, if S/ι i is a 2-sphere then it does not bound a 3-ball, contradicting the irreducibility of X i . Therefore, we can assume that X i is either a connected sum of lens spaces or a connected sum of copies of S 2 × S 1 .
arising from operation I-1 (see [14, Page 260]. Here, A i j is a connected sum of lens spaces, A ǫ i j is either A i j or A i j with the orientation reversed, and Q i j is either RP 3 or S 3 . Moreover, since the involution ι i :X i →X i has fixed points, at least one of the h i j must have fixed points. This is the involution we will consider in what follows and fix the index i j .
If Q i j is S 3 , then the involution h i j interchanges the summands A i j and A ǫ i j . In particular Q i j = S 3 is invariant under h i j and, since the involution has isolated fixed points, its restriction to Q i j = S 3 corresponds to the suspension of the antipodal map on S 2 . The quotient of
, where the 2-sphere S dividing the connected sum is the projection of the two 2-spheres S 1 , S 2 that divide the connected sum A i j #Q i j #A ǫ i j into three summands. Therefore, the sphere S does not bound a 3-ball, contradicting the irreducibility of X i .
If Q i is RP 3 then, we recall that by [15] there is exactly one orientation reversing involution on RP 3 . However, this involution has a 2-dimensional fixed point set. Since ι i has only isolated fixed points this is a contradiction.
Case 5.7 (X i is homeomorphic to # ϕ S 2 × S 1 ). Let us recall that by [14] every involution on a connected sum of closed 3-manifolds is constructed by successive application of the so called four I-operations (see [14, Page 260]). In particular ι i can be described in such fashion. We will split our analysis in four cases depending on the type of the last I-operation used to construct ι i . In each case we will conclude that if X i is homeomorphic to # ϕ S 2 × S 1 , then ϕ = 1. In the remainder of this case, we follow the notation of [14, Page 260].
Case 5.7.1 (I-1 operation). Here, M 1 and M 2 are connected sums of copies of S 2 ×S 1 . Let C 1 ⊂ M 1 be the cell used to perform the I-1 operation. We let π :X i → X i be the canonical projection. Then π(∂C 1 ) is a 2-sphere in X i . Then, π(∂C 1 ) bounds a 3-ball in X i if and only if either M 1 /ι i or M 2 /ι i are homeomorphic to a closed 3-ball. Therefore, the question reduces to see if the quotient of a connected sum of copies of S 2 ×S 1 can be homeomorphic to a 3-ball. To address this question, we observe that if the set of fixed points of ι i is empty, then ∂(M 1 /ι i ) = ∅. Then, M 1 /ι i cannot be homeomorphic to a 3-ball. Therefore we assume that ι i has fixed points on M 1 . Since the fixed points of ι i correspond to topologically singular points of X i under π, the quotient M 1 /ι i cannot be homeomorphic to a 3-ball. Hence, we conclude that π(∂C 1 ) does not bound a 3-ball in X i . This is a contradiction since X i is irreducible.
Case 5.7.2 (I-2 operation). Let S be the sphere used for the connected sum. Then π(S) is homeomorphic to an RP 2 in X i which does not bound a cone over RP 2 . Otherwise, if we assume without loss of generality that M 1 /h 1 is homeomorphic to K(RP 2 ) then M 1 would be a 3-ball, implying that the connected sum M 1 #M 2 is trivial. This is a contradiction.
Case 5.7.3 (I-3 operation). In this case, the quotient of the involution has the form (M 1 /h 1 )#(M 2 /h 2 ). If both h 1 and h 2 have fixed points, then it is clear that M i /h i is not homeomorphic to a 3-ball. Therefore, we now assume, without loss of generality, that the fixed point set of h 1 is empty. Then, if M 1 /h 1 is homeomorphic to a 3-ball, it follows that M 1 is homeomorphic to a disjoint union of two 3-balls. In particular M 1 is disconnected, which is a contradiction.
Case 5.7.4 (I-4 operation). The quotient of the involution in this case is constructed as follows. First, we take out small neighborhoods of two topologically singular points in X i . Then, we glue RP 2 × I to the resulting space along the RP 2 boundaries. Therefore, the space obtained is not irreducible since it contains a 2-sided RP 2 which does not bound a K(RP 2 ). This contradicts the irreducibility of X i .
One-dimensional limit space
In this section we analyze the case in which the sequence {X i } ∞ i=1 collapses to a one-dimensional space Y . We distinguish two cases, depending on whether ∂Y = ∅ or ∂Y = ∅. The homeomorphism type of X i is described in Table 2 . We also point out that, in this section, the assumption of irreducibility is not needed to assert that X i is geometric. Under such an assumption, at least Cases 6.3.4, 6.3.5, and 6.3.6 are ruled out. However, in those cases the same techniques we use throughout the section yield that X i is geometric and we include them as well. We also observe that in most cases we do not indicate all the possible geometries that the space in question admits.
Y does not have boundary. Under this assumption, X i is homeomorphic to an F -fiber bundle F ֒→ E ρ → S 1 . The possible fibers F are K 2 , T 2 , S 2 or RP 2 . The universal cover of E is calculated in the following way. We let ξ : R → S 1 be the universal cover projection. Now, we take the pullback ρ : ξ * E → R of ρ : E → S 1 with respect to ξ and observe that ξ * E is a trivial bundle since the base R is contractible. Furthermore, the fiber of ξ * E is homeomorphic to F and therefore ξ * E ∼ = F × R. Moreover, the induced mapξ : ξ * E → E is a covering map, and we conclude that E is covered by F × R.
If F = K 2 or T 2 then the universal cover of ξ * E (and consequently of E) is R 2 × R ∼ = R 3 . We further observe that using the usual double covers T 2 → K 2 and S 2 → RP 2 it follows that T 2 × R covers any torus and Kleinbottle bundles over S 1 and that S 2 × R covers any S 2 and RP 2 bundles over S 1 . On the other hand, if F = S 2 or RP 2 , then the universal cover is S 2 × R. Hence, E is geometric since its universal cover is geometric for any F . We now point out the precise geometries that E admits depending on F .
Case 6.1 (F = S 2 ). There are two such bundles: S 2 × S 1 and S 2× S 1 . Both of them are covered by S 2 × S 1 . Therefore both admit S 2 × R-geometry.
Case 6.2 (F = T 2 ). We describe E as a mapping torus over F in the following way. Let S 1 \ {pt} be identified with I = [a, b]. Then, the bundle ρ| ρ −1 (I) : ρ −1 (I) → I is trivial since I is contractible. Therefore, ρ −1 (I) ∼ = F × I. Hence, the space E is obtained as F × I/h where h :
Recall that homotopic gluing maps h give rise to isomorphic mapping tori. Then, [5, Theorem 13.2, Theorem 13.5] yield that E may admit the R 3 -, Nil-or Sol-geometries depending on the gluing map h.
Y has boundary. In this case X i is homeomorphic to a space obtained by gluing two pieces B and B ′ having as possible boundaries S 2 , RP 2 , T 2 or K 2 . We analyze each possible gluing B ∪ B ′ . Since sometimes we will need to compute the double branched cover of such gluing, we will use the following obvious lemma.
Lemma 6.1. Let X be a non-manifold Alexandrov 3-space obtained by gluing two pieces B and B ′ having as possible boundaries S 2 , RP 2 , T 2 or K 2 by a map ϕ. Let π :X → X be the orientable double branched cover of X. Then the following hold:
(i) If only one of the pieces, say, B, has topological singularities, then π −1 (B) has an isometric involution with only isolated fixed points, ∂(π −1 (B)) is a 2-fold cover of ∂B, and π −1 (B ′ ) is a two-fold cover of B ′ . (ii) If both pieces B and B ′ have topological singularities, then π −1 (B) and π −1 (B ′ ) have isometric involutions with only isolated fixed points and ∂(π −1 (B)) is a 2-fold cover of ∂B. (iii) If a piece B is an orientable manifold, then π −1 (B) is given by two copies of B, and the involution sends one copy to the other; each copy of B is glued to π −1 (B ′ ) by a copy of ϕ. (iv) If a piece B is a non-orientable manifold, then π −1 (B) is given by the orientable double cover of B, and it is glued to π −1 (B ′ ) by a two-fold cover of ϕ.
Case 6.3 (∂B = S 2 ). The possible pieces satisfying this assumption are D 3 , RP 3 \ intD 3 and B(S 2 ). We now examine each possible combination of these pieces.
. In this case, X is homeomorphic to S 3 , which admits spherical geometry. 
which admits spherical geometry. Alternatively, we can use Lemma 6.1. The description of B(S 2 ) implies that π −1 (B(S 2 )) is homeomorphic to S 2 ×[−1, 1] and the involution sends the point (x, t) to (σ(x), −t), where σ : S 2 → S 2 is the suspension of the antipodal map on S 1 . On the other hand, π −1 (B 3 ) consists of two copies of B 3 . HenceX is S 3 where the involution sends (x, y, z, t) to (x, −y, −z, −t). This is the suspension of the antipodal map in the hyperplane (y, z, t). Hence the quotient is Susp(RP 2 ). 
, where D 3 1 and D 3 2 are two disjoint 3-balls. Therefore, the orientable double cover of
which by definition is RP 3 # S 2 × [−1, 1] #RP 3 . Gluing two 3-balls along the two boundary components of this space, we obtain the branched orientable double cover RP 3 #(S 3 )#RP 3 ∼ = RP 3 #RP 3 . The involution can be made isometric with respect to a non-negatively curved metric on RP 3 #RP 3 with (S 2 × R)-geometry (see [3, Section 5.2] ). Therefore, RP 3 #Susp(RP 2 ) is a closed Alexandrov space admitting a metric with non-negative curvature. We point out that this space should be added to the list of closed, non-negatively curved Alexandrov 3-spaces in Theorem 1.3 in the published version of [8] .
). This case was considered in Case (1) of the proof of [26, Theorem 0.6] . By definition of the connected sum,
Therefore, this space admits (S 2 × R)-geometry. Observe that this space is not irreducible. which has spherical geometry.
Case 6.5 (∂B = T 2 ). The collection of pieces that meet this condition is
). This case was considered in Case (2-i) of the proof of [26, Theorem 0.6] . Gluing two copies of a solid torus D 2 × S 1 by a homeomorphism of their boundaries we obtain, by definition, all possible lens spaces. Therefore this space admits either S 3 -or (S 2 × R)-geometry (in the case of S 2 × S 1 ).
). Let us consider the double cover
given by the involution ι :
. Note that ρ is the orientable double cover of Mo × S 1 since it is a double cover and ι is orientation-reversing. We now observe that since D 2 × S 1 is orientable, its orientable double cover consists of two disjoint copies of D 2 × S 1 . By Lemma 6.1, the orientable double cover of (D 2 × S 1 ) ∪ ϕ (Mo × S 1 ) is obtained by gluing each copy of D 2 × S 1 to a connected component of the boundary of S 1 × I × S 1 via ϕ, thus resulting on S 2 × S 1 ; therefore this space admits (S 2 × R)-geometry.
. This space was considered in Case (2-ii) of the proof of [26, Theorem 0.6]. The space K 2 ×I is homeomorphic to Mo×S 1 . This implies that (D 2 × S 1 ) ∪ (K 2 ×S 1 ) is homeomorphic to D 2 × S 1 ∪ Mo ×S 1 which, depending on the gluing homeomorphism, is either a prism manifold, S 1 × S 2 , or RP 3 #RP 3 . Hence, the possible geometries for this case are the S 3 -and (S 2 × R)-geometries. 
Case 6.5.5 ((Mo × S 1 ) ∪ (Mo × S 1 )). We consider ρ : T 2 × I → Mo × S 1 , the double cover of Case 6.5.2. Once again, by Lemma 6.1, the orientable cover of our space is then obtained by gluing pairwise the boundary components of two copies of T 2 × I; this results in a fiber bundle over S 1 with fiber a torus, and will admit an R 3 -, Nil-or Sol-geometry depending on the map ϕ.
Case 6.5.6 ((Mo ×S 1 )∪(K 2 ×I)). Let us note that the canonical projection ξ : S 1 × I × S 1 → Mo×S 1 is the orientable double cover of this piece. On the other hand, K 2 ×I being orientable, its orientable double cover is given by two copies of itself. Thus the orientable double cover of (Mo × S 1 ) ∪ (K 2 ×I) is obtained by gluing together both copies of K 2 ×I along their boundary where the gluing map respects the I-bundle structure of each K 2 ×I . Such space can be obtained as the quotient of T 2 × S 1 by an isometric involution of the flat metric: choose some involution σ : T 2 → T 2 with T 2 /σ ≃ K 2 , and define the map . Therefore, in similar fashion to the previous two Cases, the space (Mo × S 1 ) ∪ B(S 4 ) is doubly covered by a T 2 -bundle over S 1 and therefore accepts R 3 -, Nil or Sol-geometry depending on the gluing.
. This case was considered in Case (3) of the proof of [26, Theorem 0.6, page 31], where it was observed that the space in question is doubly covered by a T 2 -bundle over S 1 . Therefore, the space is geometric, with possible geometries R 3 , Nil or Sol. The precise analysis is analogous to that of Case 6.5.5.
Case 6.5.9 ((K 2 ×I)∪ B(S 4 )). The analysis of this case is analogous to that of Case 6.5.6.
Case 6.5.10 (B(S 4 )∪B(S 4 )). Since each B(S 4 ) lifts to T 2 ×I, the orientable double cover of this space corresponds to T 3 , and thus admits either flat, Sol or Nil metric.
Case 6.6 (∂B = K 2 ). In the remaining cases, the pieces we deal with are S 1 ×D 2 , K 2× I, B(pt) and B(RP 2 ).
Case 6.6.1 ((S 1 ×D 2 ) ∪ (S 1 ×D 2 )). The space S 1 ×D 2 is a solid Klein bottle, and as such, its orientable double cover is S 1 × D 2 with the involution ρ(x, y) = (−x, y). Let ϕ : S 1 ×S 1 → S 1 ×S 1 be the homeomorphism used to produce the gluing.
Using standard theory for covering spaces, there is a lift of ϕ that we denote ϕ : S 1 × S 1 → S 1 × S 1 ; thus the orientable cover of our space is obtained by gluing two copies of S 1 × D 2 by a homeomorphism of the torus, resulting on spaces admitting S 3 -or S 2 × R-geometries. Case 6.6.2 ((S 1 ×D 2 ) ∪ (K 2× I)). As in the previous case, S 1 ×D 2 lifts to S 1 ×D 2 in the orientable cover. On the other hand, by the arguments outlined in the final part of Section 2, the orientable twofold cover of K 2× I is K 2 ×I. Thus by Lemma 6.1, the double cover of the space under examination is obtained gluing S 1 ×D 2 to K 2 ×I along their boundary. This case was examined in case 6.5.3, where it was shown that the allowed geometries were S 3 and S 2 × R.
Case 6.6.3 ((S 1 ×D 2 ) ∪ B(pt)). Both of the pieces have D 2 × S 1 as orientable double cover. Then, by lifting the gluing homeomorphism of K 2 to a homeomorphism of T 2 , we get that the space S 1 ×D 2 ∪ B(pt) is doubly covered by D 2 × S 1 ∪ ∂ D 2 × S 1 , that is, a lens space or S 2 × S 1 ; the geometries can be S 3 or S 2 × R. ((z 1 , z 2 ), t) → ((z 1 , −z 2 , −t)).
Observe that the quotient of T 2 × {0} is the core Klein bottle in K 2 ×I. Denote the points in K 2 ×I by [z 1 , z 2 , t] and consider the map
. This map has two fixed points, namely [i, i, 0] and [i, −i, 0]. Moreover, the map induces an involution on the core Klein bottle K 2 × {0} of K 2 ×I with the preceding two points as fixed points. By the classification of involutions on K 2 (see [19] ), K 2 × {0}/ϕ is isometric to an RP 2 with a flat metric with two metric singularities. Comparing this construction with the construction in [17, Corollary 2.56], one sees that the double branched cover of B(RP 2 ) is K 2 ×I.
It follows from standard covering spaces theory, as in Case 6.6.1, that there is a lift of the gluing homeomorphism. Therefore, the orientable double cover of (S 1 ×D 2 ) ∪ B(RP 2 ) is the gluing of a solid torus S 1 × D 2 and K 2 ×I via a homeomorphism of the boundary. Hence, by Case 6.5.3, it admits either S 3 -or (S 2 × R)-geometry.
Case 6.6.5 ((K 2× I) ∪ (K 2× I)). This is a Klein bottle semibundle; these were classified in [10] . To check that the space is geometric, consider the oriented double cover, obtained by gluing two copies of K 2 ×I along their boundaries. This corresponds to case 6.5.8. Case 6.6.6 ((K 2× I)∪B(pt)). Recall that K 2× I is doubly covered by K 2 ×I while the oriented branched cover of B(pt) is S 1 × D 2 . This situation was considered in case 6.5.3.
Case 6.6.7 ((K 2× I) ∪ B(RP 2 )). Both pieces have K 2 ×I as orientable double cover and therefore, the orientable double cover of (K 2× I) ∪ B(RP 2 ) is a gluing of two copies of K 2 ×I by a homeomorphism between the boundaries. Then, it follows from Case 6.5.8 that the space in question admits the R 3 -, Nil-or Sol-geometry depending of the gluing homeomorphism. Case 6.6.8 (B(pt) ∪ B(pt)). The orientable double cover of B(pt) is a solid torus. Therefore, B(pt) ∪ B(pt) is doubly covered by a union of two solid tori along the boundary, i.e. a lens space.
Case 6.6.9 (B(pt) ∪ B(RP 2 )). The orientable double cover of B(pt) is a solid torus S 1 × D 2 , while the orientable double cover of B(RP 2 ) is K 2 ×I. Therefore, as in Case 6.6.4, it follows from Case 6.6.2 that B(pt) ∪ B(RP 2 ) admits the S 3 -or (S 2 × R)-geometry. Case 6.6.10 (B(RP 2 ) ∪ B(RP 2 )). The space B(RP 2 ) has K 2 ×I as orientable double cover and therefore, the branched orientable double cover of B(RP 2 ) ∪ B(RP 2 ) consists of a gluing of two copies of K 2 ×I by a homeomorphism of the boundary. The space obtained by such construction was considered in Case 6.5.8, from which it follows that B(RP 2 )∪B(RP 2 ) admits the R 3 -, Nil-or Sol-geometry depending of the gluing.
Zero-dimensional limit space
We now address the case in which the limit space Y is zero-dimensional. From the classification of collapsing closed Alexandrov 3-spaces [17] , summarized in Table 3 , we see that there are three possibilities for the homeomorphism type of X i .
In the case that X i is a generalized Seifert fiber space Seif(Z) (with curv Z ≥ 0) possibly with attached generalized Solid Tori and Klein Bottles, it follows from our analysis in Section 5 that X i is geometric.
The next possibility is that X i is homeomorphic to one of the spaces appearing in Section 6. Therefore, we can conclude from our previous analysis that X i is geometric.
Finally, if X i is a closed, non-negatively curved Alexandrov space, then it follows from [8, Theorem 1.3 ] that X i is geometric. This concludes the proof of Theorem A.
